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Abstract. We study the special central configurations of the curved N -body
problem in S3. We show the existence of special central configurations formed
by N masses for any N ≥ 3. We then define special central configurations
in Sn, n ≥ 1, and study one class of special central configurations in Sn, the
Dziobek special central configurations, which is an analogy of Dziobek central
configurations of the Newtonian N -body problem. We obtain a criterion for
them and reduce it to two sets of equations. In the end, we apply these equations
to special central configurations of 3 bodies on S1, 4 bodies on S2, and 5 bodies
in S3.
Key Words: celestial mechanics; curved N -body problem; Dziobek configura-
tions; special central configurations.
1. introduction
The Newtonian N -body problem is the study of the dynamics of N particles
moving according to Newton’s laws of motion in Rn, where n is always 2 or 3.
After the discovery of Non-Euclidean geometry in 19th century, geometers con-
sidered the possibility of a three-dimensional sphere, S3, and a three-dimensional
hyperbolic sphere, H3 universe. Thus the dynamics of N particles in S3 and H3,
moving according to some attraction law, were considered. We call this problem
the curved N -body problem. There have been many publications in this field
before the rise of general relativity. This problem attracted attention later from
the point of view of quantum mechanics [21] and the theory of integrable dy-
namical systems [18, 22]. Readers interested in its history may read [3, 7, 23].
On the topic of relative equilibria, researchers studied mainly the 2-dimensional
ones [17] before Diacu’s work. Diacu wrote the equations of motion in extrinsic
coordinates in R4 for S3, and the Minkowski space R3,1 for H3. In this set up, the
matrix Lie group SO(4) (SO(3, 1)) serves as the symmetry group, which makes
the study the 3-dimensional relative equilibria easier. With this new approach,
1
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Diacu obtained many new results on relative equilibria [7, 8, 9, 12] and on other
topics like singularity [5], homographic orbits [6], rotopulsators [10], stability of
orbits [11], and the relationship between the Newtonian and the curved N -body
problem [14]. There are many following works like [13, 26] etc.
Based on Diacu’s works, especially [7, 9], the authors of [15] proposed to study
central configurations. Roughly speaking, central configurations are special ar-
rangements of the point particles such that the acceleration vector for each par-
ticle points toward a special geodesic, see [15, page 31]. Like what happens in
the Newtonian N -body problem [19], central configurations are quite important
in the study of the curved N -body problem. For instance, each central config-
uration gives rise to a one-parameter family of relative equilibria, and central
configurations are the bifurcation points in the topological classification of the
curved N -body problem [15]. The interested readers may read [15, 27, 28] for
more detail.
In this paper, we concentrate on one class of central configurations in S3, the
special central configurations, a topic only roughly investigated in [15]. Special
central configurations are indeed special. Firstly, they lead to fixed-point solutions :
q(t) = q(0), q˙(t) = 0. Thus if the universe is S3, there may exist some stars not
moving at all. Special central configurations also appear in the study of the N -
body problem in spaces with uniformly varying curvature [?]. Secondly, while in
general central configuration equations involve terms that could not be expressed
directly by the position vectors, the special central configuration equations are
a linear combination of the position vectors only, see Equation (3), which is the
same as what happens in the Newtonian N -body problem. Thus, it is possible to
extend some results on central configurations of the Newtonian N -body problem
to special central configurations.
The main purpose of this paper is to extend the concept of Dziobek central
configurations of the Newtonian N -body problem to the curved N -body problem.
In the Newtonian N -body problem, the Dziobek configurations are those of N
particles that span an (N−2)-dimensional affine plane. It was first introduced by
Otto Dziobek [16] for planar configurations of 4 particles. Then Albouy adopted
and developed this approach [1]. Thus it is natural to define Dziobek special
central configurations of the curved N -body problem as those of N particles that
span an (N − 2)-dimensional great sphere. We obtain a nice criterion in terms of
mutual distances and the volumes formed by the position vectors. We also manage
to separate the equations of the criterion further into two sets of equations, the
S-equations and the M-equations. In later investigation, the two sets of equations
are shown to be quite useful.
The paper is organized as follows. In Section 2, we recall the basic setting
of the curved N -body problem in S3 and prove some basic facts about special
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central configurations. In Section 3, we present several examples of special central
configurations in S3, which leads to the existence of special central configurations
formed by N masses for any N ≥ 3. In Section 4, we extend the concept of special
central configurations to Sn and define Dziobek special central configurations. We
obtain a nice criterion for them. Then we write the criterion in another equivalent
form. In Section 5, we return to the curved N -body problem in S3. We apply
the criterion obtained to study special central configurations of 3 bodies on S1, 4
bodies on S2, and 5 bodies in S3. The existence of a new family of 4 bodies (5
bodies) on S2 (S3) is established. Interestingly, these special central configurations
show that there are at least two special central configurations for 4 (5) equal
masses.
2. the curved N-body problem in S3 and special central
configurations
Vectors are all column vectors, but written as row vectors in the text. As done
in [7, 9], the equations will be written in R4. For two vectors, q1 = (x1, y1, z1, w1)
and q2 = (x2, y2, z2, w2), the inner products are given by q1 · q2 = x1x2 + y1y2 +
z1z2 + w1w2. We define the unit sphere S
3 as
S
3 := {(x, y, z, w) ∈ R4 |x2 + y2 + z2 + w2 = 1}.
Given the positive masses m1, . . . , mN , whose positions are described by the con-
figuration q = (q1, . . . ,qN) ∈ (S3)N , qi = (xi, yi, zi, wi), i = 1, ..., N , we define
the singularity set
∆ = ∪1≤i<j≤N{q ∈ (S3)N ; qi = ±qj}.
Let dij be the geodesic distance between the point masses mi and mj , which is
computed by
cos dij(q) = qi · qj.
The force function U in (S3)N \∆ is
U(q) :=
∑
1≤i<j≤N
mimj cot dij(q).
Define the kinetic energy as T (q˙) = 1
2
∑
1≤i≤N miq˙i · q˙i, q˙ = dqdt = (q˙1, ..., q˙N).
Then the curved N -body problem in S3 is given by the Lagrange system on
T ((S3)N \∆), with
L(q, q˙) := T (q˙) + U(q).
Using variational methods, we obtain the equations [15]:{
q¨i =
∑N
j=1,j 6=i
mimj [qj−cos dijqi]
sin3 dij
+mi(q˙i · q˙i)qi
qi · qi = −1, i = 1, ..., N.
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The first part of the acceleration is from the gradient of the force function, U(q) :
(S3)N \∆→ R, and we will denote it by Fi. It is the sum of Fij := mimj [qj−cos dijqi]sin3 dij
for j 6= i, see [15, page 17] for the derivation.
Definition 1. A configuration q ∈ (S3)N \∆ is called a central configuration if
there is some constant λ such that
(1) ∇qiU(q) = λ∇qiI(q), i = 1, ..., N,
where ∇f is the gradient of a function f : (S3)N \∆→ R, and I(q) is the moment
of inertia defined by I(q) =
∑N
i=1mi(x
2
i + y
2
i ). We will refer to these conditions
as the central configuration equations.
The definition of central configurations of the curved N -body problem is based
on the work of Smale [24, 25], see [15, page 25]. A central configuration gives
rise to a one-parameter family of relative equilibria, see [15, page 29]. They also
influence the topology of the integral manifolds [24]. In this paper, however, we
concentrate on the following class of central configurations.
Definition 2. A configuration q ∈ (S3)N \∆ is called a special central configura-
tion if it is a critical point of the force function U , i.e.
(2) ∇qiU(q) = 0, i = 1, ..., N.
In other words, Fi = 0, i = 1, ..., N. We will further refer to these conditions as
the special central configuration equations. To avoid any confusion, we will call
ordinary central configurations those central configurations that are not special.
Here is one remark on terminology. These special central configurations were
introduced in [7, 9] under the name of fixed points. Given such a configuration q,
there is an associated fixed-point solution: q(t) = q, q˙(t) = 0, see [15, page 28 ].
This explains the old terminology.
Consider the action of SO(4) defined by χq = (χq1, ..., χqN). It is easy to see
that if q is a special central configuration, so is χq. We call two such special
central configurations equivalent. In this paper, when we say a special central
configuration, we mean a class of special central configurations as defined by the
above equivalence relation.
Proposition 1. The i-th equation of the special central configuration equations
(2) holds if and only if there is a constant θi such that
(3)
N∑
j 6=i,j=1
mjmiqj
sin3 dij
− θiqi = 0.
Proof. The i-th equation of (2) is
∑N
j=1,j 6=i
mimj [qj−cos dijqi]
sin3 dij
= 0. Assume that (3)
holds. Multiply qi to the both sides of (3). Since qi · qj = cos dij and qi · qi = 1,
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we obtain θi =
∑N
j 6=i,j=1
mjmi cos dij
sin3 dij
. Thus (3) is equivalent to the i-th equation of
(2). 
There are many interesting questions about special central configurations. For
small N , we may try to find all the special central configurations for given N
masses. Fixing the masses m ∈ RN+ , we may ask whether central configurations
exist and if so, how many are there up to equivalent classes? It turns out that
there may be no special central configurations for some given masses. For example,
there are no special central configurations for two masses. If so, then F1 =
m1m2
q2−cos d12q1
sin3 d12
= 0, which implies that q1 = ±q2, i.e., q ∈ ∆.
Definition 3. We denote by m = (m1, ..., mN) ∈ RN+ (N ≥ 2) the N masses.
Then m is said to be in MN if m1 + ... + mN = 1 and there exists at least one
special configuration for m.
Corollary 1. M2 is empty.
Thus to answer if there are only finite special central configurations for a given
m ∈ RN+ , the first step is to determine whether m belongs to MN or not. Thus it
is important to study the mass set MN .
The following result is useful in our investigation. It was first proved by Diacu
[7, 9]. For completeness, we reproduce the proof here.
Theorem 1. There are no special central configurations for any m ∈ RN+ in any
closed hemisphere of S3 (i.e. a hemisphere that contains its boundary ), as long
as at least one body does not lie on the boundary.
Proof. Let q be a configuration that lies in a closed hemisphere of S3 and that
there is at least one body not on the boundary. Since special central configurations
are still special central configurations after any rotation in SO(4), we may assume
that q is within the hemisphere: w ≥ 0 and there is some wi > 0. Suppose that
0 ≤ w1 ≤ w2... ≤ wN and wN > 0. Consider the w-component of F1,
N∑
j=2
mjm1(wj − cos d1jw1)
sin3 d1j
.
It must be positive since wj − cos d1jw1 > wj − w1 ≥ 0 for each j, and wN −
cos d1Nw1 > 0. Thus q can not be a special central configurations, a remark that
completes the proof. 
3. Examples and the Mass Set MN
In this section, we give several interesting examples of special central configu-
rations and then prove that the mass set MN is not empty for N ≥ 3. Most of
the examples have been found by Diacu already in [7, 9].
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Let ei = (0, ..., 1, ..., 0), where the 1 is in the i-th spot. Denote by S
1
xy the
intersection of S3 and the 2-dimensional plane spanned by {e1, e2}, by S2xyz the
intersection of S3 and the 3-dimensional plane spanned by {e1, e2, e3}. Since
special central configurations are invariant under the action of the SO(4) group,
unless otherwise stated we place configurations lying on a great circle on S1xy and
denote S1xy by S
1, place configurations lying on a 2-dimensional great sphere on
S
2
xyz and denote S
2
xyz by S
2.
Example 1 (2k+1 equal masses on S1). Place 2k+1 equal massesm = (m, ...,m)
on S1 at the vertices of the regular (2k + 1)-gon. That is
qi =
(
cos
2ipi
2k + 1
, sin
2ipi
2k + 1
)
, i = 1, ..., 2k + 1.
By symmetry, it is enough to check that (3) holds for i = 2k + 1. Group the
other 2k masses in k pairs (j, 2k + 1 − j), j = 1, ..., k. For each pair, using
d2k+1,j = d2k+1,2k+1−j, the sum of
mjqj
sin3 d2k+1,j
and
m2k+1−jq2k+1−j
sin3 d2k+1,2k+1−j
is
m
sin3 d2k+1,j
(qj + q2k+1−j) = 2
m
sin3 d2k+1,j
(
cos
2jpi
2k + 1
, 0
)
,
a vector collinear with q2k+1 = (1, 0). Thus it is easy to see that (3) holds for
i = 2k + 1. Therefore the configuration is a special central configuration.
Example 2 (4 equal masses m = (m, ...,m) on S2 and 5 equal masses in S3,
[7, 9]). Place 4 equal masses on S2 at the vertices of the regular tetrahedron. By
symmetry, it is enough to check that (3)holds for i = 1. Using dij = dkl, we
find that
∑4
i=2
miqi
sin3 di1
= m
sin3 di1
(q2 + q3 + q4) = − msin3 di1q1, since q1 + q2 + q3 +
q4 = 0. Thus (3)is satisfied for i = 1. So this configuration is a special central
configuration.
z
y
m1
m2m3m4
Figure 1. The regular tetrahedron special central configuration
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Similarly, place 5 equal masses in S3 at the vertices of the regular pentatope.
Then this configuration is a special central configuration.
Example 3 (6 masses and 2k1 + 1 + 2k2 + 1(k1, k2 ≥ 1) masses on two com-
plementary circles in S3). Let V be a 2-dimensional linear space in R4 and V ⊥
be its orthogonal complement. Then the circles: V ∩ S3 and V ⊥ ∩ S3 are called
complementary. For example, if we denote by S1zw the intersection of S
3 and the
2-dimensional plane spanned by {e3, e4}, then S1xy and S1zw are complementary.
One interesting property about complementary circles is that the distance between
two points on complementary circles is independent of their positions. Indeed, let
q1 ∈ V ∩ S3 and q2 ∈ V ⊥ ∩ S3, then
cos d12 = q1 · q2 = 0, d12 = pi
2
.
Using this remarkable geometry fact, Diacu constructed the following special cen-
tral configuration [7, 9]. Let m = (m,m,m, m¯, m¯, m¯). Place three masses m at
the vertices of an equilateral triangle on S1xy, and place three masses m¯ at the
vertices of an equilateral triangle on S1zw. We need to check that (3)holds for
i = 1, 4. For i = 1,
6∑
i=2
miqi
sin3 di1
=
m
sin3 d21
(q2 + q3) + m¯(q4 + q5 + q6).
The first term on the right hand side is collinear with q1 since q1 + q2 + q3 = 0,
and the second term is zero. Thus (3)holds for i = 1. Similarly, it also holds for
i = 4. Therefore the configuration is a special central configuration.
We can generalize Diacu’s construction to 2k1 + 1 + 2k2 + 1 masses
m1 = ... = m2k1+1 = m, m2k1+2 = ... = m2k1+1+2k2+1 = m¯.
Place the first 2k1 + 1 masses m at the vertices of a regular (2k1 + 1)-gon on S
1
xy,
and place the last 2k2 + 1 masses m¯ at the vertices of a regular (2k2 + 1)-gon on
S1zw. For i = 1,
2k1+2k2+2∑
i=2
miqi
sin3 di1
=
2k1+1∑
i=2
m
sin3 di1
qi + m¯
2k1+2k2+2∑
i=2k1+2
qi.
The first term on the right hand side is collinear with q1, by Example 1, and the
second term is zero. Thus this configuration is a special central configuration.
Theorem 2. MN is not empty for N ≥ 3.
Proof. Example 1 shows that MN is not empty for N = 4k + 1, 4k + 3. Example
3 shows that MN is not empty for N = 4k + 2 = 2k + 1 + 2k + 1. For N = 4k,
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if k = 1, Example 2 shows that M4 is not empty; if k ≥ 2, let k = k1 + k2 with
k1, k2 ≥ 1. Since
4k + 2 = 2k1 + 1 + 2k2 + 1,
Example 3 shows that MN is not empty for N = 4k. This remark completes the
proof. 
We can check that, as critical points of U : (S3)N/SO(4) → R, those special
central configurations for all equal masses are nondegenerate. Thus by the implicit
function theorem, the set MN has subsets homeomorphic to R
N−1.
4. Dziobek Special Central Configurations
In this section, we consider special central configurations in Sn for n ≥ 1.
Following the idea of Dziobek [16] and Albouy [1], we discuss these configurations
where N masses span an (N−2)-sphere. We obtain a criterion in terms of mutual
distances and the volumes formed by the position vectors. We also manage to
separate the equations of the criterion further into two sets of equations, the
S-equations and the M-equations.
In this section only, let q = (q1, ...,qN), qi ∈ Rn+1,qi · qi = 1, where n ≥ 1.
Define U : (Sn)N \∆→ R, U(q) =∑1≤i<j≤N mimj cot dij, where cos dij = qi ·qj .
Definition 4. Consider the masses m1, . . . , mN in S
n. Then a configuration
q = (q1, . . . ,qN), i = 1, ..., N, is called a special central configuration if it is a
critical point of U , i.e.
(4) ∇qiU(q) = Fi = 0, i = 1, ..., N.
Obviously, equation (3) still holds in this case. Similarly to Theorem 1, we
have:
Theorem 3. There is no special central configuration in any closed hemisphere
of Sn (i.e. a hemisphere that contains its boundary ), as long as at least one body
does not lie on the boundary.
In the Newtonian N -body problem, a central configuration of N bodies span at
most an (N−1)-dimensional affine plane. Those that span an (N−2)-dimensional
affine plane are called Dziobek central configurations [1, 2, 16]. Note that (3)
implies that the N position vectors are always dependent for a special central
configuration q of N bodies, 1 ≤ rank(q1, ...,qN) ≤ N − 1. When they span an
(N−1)-plane, they span an (N−2)-sphere. Thus it is natural to define a Dziobek
configuration of the curved N -body problem as follows.
Definition 5. A Dziobek configuration is a configuration of N bodies that span
RN−1, or equivalently, span SN−2.
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Let {q1, · · · ,qN} be a collection of vectors in RN−1. Assume the rank of these
N vectors is N − 1. Consider the (N − 1)×N matrix:
X = [q1, · · · ,qN ].
Since the rank of X is N − 1, dim kerX = 1. There is a nice formula for the
kernel. Let Xk be the (N − 1)× (N − 1) matrix obtained from X by deleting the
k-th column and let |Xk| denote its determinant.
Lemma 1. Let
(5) ∆ = (∆1, ...∆N) = (|X1|,−|X2|, ..., (−1)k+1|Xk|, ...).
Then ∆ is the base of kerX. In other words, ∆ 6= 0 and
(6) ∆1q1 + · · ·+∆NqN = 0.
Proof. Assume that ∆N = (−1)N+1|XN | 6= 0. Consider the linear system in RN−1,
XNx = qN . By Crammer’s rule, the solution is
xk =
det(q1, · · · ,qk−1,qN ,qk+1, · · · ,qN−1)
det(q1, · · · ,qN−1)
= (−1)N−k−1det(q1, · · · ,qk−1,qk+1, · · · ,qN−1,qN)
det(q1, · · · ,qN−1) =
(−1)N−k−1|Xk|
|XN | =
−∆k
∆N
.
Then (6) follows. 
For convenience, let Sij =
1
sin3 dij
for i 6= j. Then (3) becomes∑
j 6=i
mjSijqj + θiqi = 0, 1 ≤ i ≤ N.
There are N(N − 1) scalar equations. As what happens in the Newtonian N -
body problem [1, 2, 20], they are equivalent to the following N(N − 1)/2 scalar
equations for Dziobek special central configurations.
Theorem 4. Let q = (q1, ...,qN) be a Dziobek configuration in S
N−2. Let
Sij =
1
sin3 dij
, i 6= j and ∆ be given by (5). Then q is a Dziobek special central
configuration if and only if there is a real number k 6= 0 such that
(7) mimjSij = k∆i∆j for any i 6= j.
Proof. Since q is a Dziobek special central configuration, then we have equation
(3). That is, for each j = 1, ..., N , the vector
(m1S1j, m2S2j , ..., θj, ..., mNSNj)
is a solution to the equation x1q1 + ... + xNqN = 0. By Lemma 1, this vector is
collinear with (∆1, ...,∆N ). Note that ∆j 6= 0 for all j. If ∆1 = 0, then q2, ...,qN
span RN−2, or SN−3. Then the configuration lies in a closed hemisphere of SN−2,
10 Shuqiang Zhu
a conclusion which contradicts with Theorem 3. Similarly, θj 6= 0 for all j. Let
kj =
θj
∆j
. Then
kj∆i = miSij.
Since Sij = Sji, the vector (k1, ..., kN) is a multiple of (∆1/m1, ...,∆N/mN ). So
we get (7) for some real number k 6= 0. On the other hand, if q satisfies (7), then
it is easy to check that (3) are satisfied. This remark completes the proof. 
Corollary 2. Let q = (q1, ...,qN) be a Dziobek central configuration in S
N−2. If∑N
i=1miqi = 0, then q is formed by N equal masses located at the vertices of a
regular (N − 1)-simplex.
Proof. By Lemma 1, the mass vector m is a multiple of (∆1, ...,∆N). Then equa-
tions of (7) are Sij = k¯ for all i, j, where k¯ is some constant. Thus the configu-
ration is a regular (N − 1)-simplex, which implies that ∆1 = ∆2 = ... = ∆N , i.e.,
m1 = m2 = ...mN . This remark completes the proof. 
Eliminating the constant k, we get N(N−1)
2
− 1 equations from (7). Multiplying
two of the equations gives
SijSkl = SilSkj = SikSjl
for any four indices i, j, k, l ∈ {1, ..., N}. Thus we can obtain 2 × C4N mass-
independent constraints on the shapes. Obviously, some of these constraints are
redundant. We are going to find a proper set of constraints on the shapes.
Denote by M-equations the following N − 1 equations:
m2 =
S1N∆2
S12∆N
mN , m3 =
S1N∆3
S13∆N
mN , ..., mN−1 =
S1N∆N−1
S1,N−1∆N
mN , m1 =
S2N∆1
S12∆N
mN .
Denote by S-equations the following N(N−3)
2
equations:
Sk−1,k−2
Sk+1,k−2
=
Sk−1,k
Sk+1,k
, k = 3, ..., N − 1,
Sk−1,k+j
Sk,k+j
=
Sk−1,k+j+1
Sk,k+j+1
, k = 2, ..., N − 2, j = 2, ..., N − k − 1.
We are going to show the following result.
Theorem 5. The equations of (7) ⇔ the M-equations ∪ the S-equations.
It is easy to derive the the M-equations and the S-equations from the equations
of (7). To show the other direction, we place the N(N−1)
2
equations of (7) into a
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matrix,
A :=


0 = 0 m1m2
∆1∆2
= k
S12
m1m3
∆1∆3
= k
S13
m1m4
∆1∆4
= k
S14
... m1mN
∆1∆N
= k
S1N
0 = 0 0 = 0 m2m3
∆2∆3
= k
S23
m2m4
∆2∆4
= k
S24
... m2mN
∆2∆N
= k
S2N
0 = 0 0 = 0 0 = 0 m3m4
∆3∆4
= k
S34
... m3mN
∆3∆N
= k
S3N
...
...
...
... ...
...
0 = 0 0 = 0 0 = 0 0 = 0 · · · mN−1mN
∆N−1∆N
= k
SN−1,N
0 = 0 0 = 0 0 = 0 0 = 0 · · · 0 = 0


.
Denote by Aij the ij-th element of the matrix A, and denote by Ai the set of the
nontrivial equations of the i-th row of A. We first prove the following result.
Lemma 2. The S-equations ∪A1 ∪ A23 ⇒ A1 ∪ A2 ∪ ... ∪ AN−1.
Proof. Denote by J the S-equations. We will prove it in the following way,
J ∪A1 ∪ A23 ⇒ J ∪ A1 ∪A2 ⇒ J ∪A1 ∪ A2 ∪ A3 ⇒ ...⇒ J ∪A1 ∪ ... ∪ AN−1.
We begin with the derivation of A2. First, A24 can be derived from A13, A14, A23,
and one equation of J , S13
S23
= S14
S24
. Indeed, the four equations are
m1m3
∆1∆3
=
k
S13
,
m1m4
∆1∆4
=
k
S14
,
m2m3
∆2∆3
=
k
S23
,
S13
S23
=
S14
S24
.
Using them, we obtain
∆3
∆4
=
m3S13
m4S14
=
m3S23
m4S24
=
k∆2∆3
m2m4S24
,
which is A24. Similarly, A25 can be derived from A14, A15, A24 and
S14
S24
= S15
S25
.
Actually, the equation A2,k+1 can be derived fromA1k, A1,k+1, A2k and
S1k
S2k
=
S1,k+1
S2,k+1
.
That is, J ∪A1 ∪ A23 ⇒ J ∪A1 ∪A2.
Now we derive A3. First, A34 can be derived from A12, A14, A23 and
S21
S41
= S23
S43
.
Indeed, the four equations are
m1m2
∆1∆2
=
k
S12
,
m1m4
∆1∆4
=
k
S14
,
m2m3
∆2∆3
=
k
S23
,
S21
S41
=
S23
S43
.
Using them, we obtain
∆2
∆4
=
m2S12
m4S14
=
m2S23
m4S34
=
k∆2∆3
m3m4S34
,
which is A34. Then, A3,k+1 can be derived from A2k, A2,k+1, A3k and
S2k
S3k
=
S2,k+1
S3,k+1
.
That is, J ∪A1 ∪ A2 ⇒ J ∪ A1 ∪A2 ∪A3.
If we have A1 ∪ ... ∪ Ak−1, we can obtain Ak. First, the element Ak,k+1 can be
derived from Ak−2,k−1, Ak−2,k+1, Ak−1,k and one equation of J Sk−1,k−2Sk+1,k−2 =
Sk−1,k
Sk+1,k
.
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The other equations Ak,k+j (j ≥ 2), can be derived from Ak−1,k+j−1, Ak−1,k+j,
Ak,k+j−1 and one equation of J Sk−1,k+j−1Sk,k+j−1 =
Sk−1,k+j
Sk,k+j
.
This procedure can be carried out until we obtain AN−1. That is, J ∪A1∪A23 ⇒
A1 ∪ ... ∪ AN−1. This remark completes the proof. 
proof of Theorem 5. Denote by K the M-equations. “The equations of (7) ⇒
K ∪ J ”: It is obvious that the equations of (7) imply J . By A1j and A1N , we
obtain the first N−1 equations of K. The last one m1 = S2N∆1S12∆NmN can be derived
from A23, A1N and
S13
S23
= S1N
S2N
, one equation which can be derived from J .
“The equations of (7) ⇐ K ∪ J ”: We first show that
K ∪ J ⇒ A1 ∪ A23.
Let k = m1mNS1N
∆1∆N
, then A1N is true. Then the first N − 1 equations of K imply
A12, ..., A1N . It is easy to verify that the last equation of K and S13S23 =
S1N
S2N
, one
equation which can be derived from J , imply A23. Thus we have
K ∪ J ⇒ J ∪A1 ∪ A23 ⇒ A1 ∪ ... ∪ AN−1,
where we have used Lemma 2. This remark completes the proof. 
Thus to build a Dziobek special central configuration, we first need to find the
shape, the solutions of the S-equations, and then the shape determines the masses
by the M-equations.
The M-equations imply that ∆i (i ≥ 2) is of the same sign as ∆1, which is
quite different form what happens in the Newtonian N -body problem [2, 20].
This is equivalent to the condition proposed in Theorem 3: the configuration q
does not lie in a closed hemisphere. In other words, there is some k such that
∆1∆k = (−1)k+1|X1||Xk| < 0 if and only if q lies in a closed hemisphere. For
example, let ∆1∆2 = −|X1||X2| < 0. Consider the subspace V spanned by
(q3, ...,qN). Its dimension should be N − 2. If not, then ∆1 = ∆2 = 0 and (7)
can’t hold. Thus there is a vector u such that the orthogonal complement of V is
V ⊥ = tu. Then assume
q1 = t1u+
N∑
j=3
tj1qj , q2 = t2u+
N∑
j=3
tj2qj ,
and we obtain |X1| = t1|u,q3, ...,qN | and |X2| = t2|u,q3, ...,qN |. Thus |X1||X2| >
0 implies that t1t2 > 0. Assume that t1 and t2 are both positive. Consider the
coordinates system of RN−1 based on the basis {u,q3, ..,qN}. The configuration is
given by q1 = (t1 > 0, t31...tN1), q2 = (t2 > 0, t32...tN2), q3 = (0, 1, 0, ...0),...,qN =
(0, 0, 0, ...1), which implies that q lies in a closed hemisphere.
On Dziobek Special Central Configurations 13
5. Application to special central configurations in S3
Back to special central configurations in S3, we apply Theorem 5 to study the
Dziobek special central configurations of 3, 4 and 5 bodies. The existence of a
new family of 4 bodies (5 bodies) on S2 (S3) is established. Interestingly, these
special central configurations show that there are at least two special central
configurations for 4 (5) equal masses.
Theorem 6 (N = 3, S1). Consider three masses m ∈ R3+ on S1 at a nonsingular
configuration q = (q1,q2,q3). Then q is a Dziobek special central configuration if
and only if q1,q2,q3 are not all in the same semicircle and the mass vector is
m =
(
sin3 d12∆1
sin3 d23∆3
,
sin3 d12∆2
sin3 d13∆3
, 1
)
m3.
α
β
q1
q2
q3
y
x
Figure 2. An acute triangle special central configuration
These equations are easy to solve, which implies that we can find all Dziobek
special central configurations of 3 bodies. Obviously, the equilateral triangle spe-
cial central configuration on S1 of three equal masses presented in Example 1
satisfies all of these conditions. The shape constraint is mild here. For a Dziobek
special central configuration in the ordering 0 = ϕ1 < ϕ2 < ϕ3 < 2pi, where
qi = (cosϕi, sinϕi), the constraints are ϕ2−ϕ1 < pi, ϕ3−ϕ1 < pi and 2pi−ϕ3 < pi.
That implies, ∠q3 = 1/2(ϕ2−ϕ1) < pi2 and similarly ∠q1 < pi2 , ∠q1 < pi2 . In other
words, the particles form an acute triangle, see Figure 2. Let d12 = α, d23 = β.
Then d13 = 2pi − (α+ β) and
(8) 0 < α < pi, 0 < β < pi, pi < α + β < 2pi.
Notice that on S1, we have ∆1 = |q2,q3| = sin d23 = sin β, ∆2 = −|q1,q3| =
sin d13 = sin(α+ β), ∆3 = |q1,q2| = sin d12 = sinα. Thus the masses satisfy
(9)
m2
sin2 α
=
m3
sin2(α + β)
,
m1
sin2 α
=
m3
sin2 β
,
m2
sin2 β
=
m1
sin2(α + β)
.
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These central configurations have been found by several different methods [7, 26].
We will refer to them as acute triangle special central configurations. In [13], we
have found the mass set M3 and studied the stability of the associated relative
equilibria.
Theorem 7 (N = 4, S2). Consider four masses m ∈ R4+ on S2 at a nonsingular
configuration q = (q1,q2,q3,q4). Then q is a Dziobek special central configuration
if and only if q1,q2,q3,q4 are not all in the same hemisphere;
sin d12 sin d34 = sin d13 sin d24 = sin d14 sin d23
are satisfied and the mass vector is
m =
(
sin3 d12∆1
sin3 d24∆4
,
sin3 d12∆2
sin3 d14∆4
,
sin3 d13∆3
sin3 d14∆4
, 1
)
m4.
These equations are difficult to solve. Obviously, the regular tetrahedron special
central configuration on S2 of four equal masses presented in Example 2 satisfies
all of these conditions. Now we present a family of 4-body special central config-
urations which contains the regular tetrahedron special central configuration.
Let us assume that four masses, m1 > 0, m2 = m3 = m4 > 0, form a tetra-
hedron in the following way: m1 is at (1, 0, 0), and the other three bodies form
an equilateral triangle on the non-geodesic circle (−c, r cosϕ, r sinϕ), c ∈ (0, 1),
r2 + c2 = 1, see Figure 3. More precisely,
x1 = 1, y1 = 0, z1 = 0,
x2 = −c, y2 = r, z2 = 0,
x3 = −c, y3 = −1
2
r, z3 =
√
3
2
r,
x4 = −c, y4 = −1
2
r, z4 = −
√
3
2
r.
We will denote such a configuration by qc.
Proposition 2. The configuration qc, c ∈ (0, 1) is a special central configuration
if
(10)
m1
m4
=
8
√
3c
3(1 + 3c2)
3
2
.
Proof. It is enough to check the 2 S-equations and the 3 M-equations in the
statement of Theorem 7. Obviously, the 2 S-equations are true since d12 = d13 =
d14, and d23 = d24 = d34. The last two M-equations
m2
m4
=
sin3 d12∆2
sin3 d14∆4
,
m3
m4
=
sin3 d13∆3
sin3 d14∆4
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z
y
m1
m2m3m4
Figure 3. Configuration qc on S
2
are true since ∆2 = ∆3 = ∆4. Direct computation leads to
cos d12 = −c, sin3 d12 = r3, cos d24 = c2 − 1
2
r2, sin3 d24 = 3
√
3r3(
1
4
+
3
4
c2)
3
2 ,
and ∆4 =
√
3
2
r2,∆1 = 3c∆4. Thus the first M-equation is true if and only if
m1
m4
=
sin3 d12∆1
sin3 d24∆4
=
r3 · 3c∆4
3
√
3r3(1
4
+ 3
4
c2)
3
2∆4
=
8
√
3c
3(1 + 3c2)
3
2
.
This remark completes the proof. 
As c → 0, we have m1
m4
→ 0. This is intuitively clear. As c → 0, the three
masses m2, m3, m4 tend to form a special central configuration of their own on
the equator. Then we may place an infinitesimal mass at ±(1, 0, 0) to form a
special central configuration of 4 bodies. We can study the range of the value m1
m4
.
It is easy to find that the function f(c) = 8
√
3c
3(1+3c2)
3
2
, c ∈ (0, 1), is increasing on
(0,
√
6
6
) and decreasing on (
√
6
6
, 1). The maximum is 16
9
√
3
> 1, limc→0 f(c) = 0 and
limc→1 f(c) =
√
3
3
. Therefore, we have proved the following result.
Corollary 3. Consider four masses m = (m¯,m,m,m) ∈ R4+ on S2. If m¯m ∈
(0, 16
9
√
3
], then there is at least one special central configuration for them. If m¯
m
∈
(
√
3
3
, 16
9
√
3
), then there are at least two special central configurations for them. Es-
pecially, there are at least two special central configurations for four equal masses.
Theorem 8 (N = 5, S3). Consider five masses m ∈ R5+ in S3 at a nonsingular
configuration q = (q1,q2,q3,q4,q5). Then q is a Dziobek special central configu-
ration if and only if q1,q2,q3,q4,q5 are not all in the same hemisphere; the five
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constraints
sin d13 sin d24 = sin d14 sin d23, sin d13 sin d25 = sin d15 sin d23,
sin d24 sin d35 = sin d34 sin d25, sin d12 sin d34 = sin d14 sin d23,
sin d23 sin d45 = sin d34 sin d25
are satisfied and the mass vector is
m =
(
sin3 d12∆1
sin3 d25∆5
,
sin3 d12∆2
sin3 d15∆5
,
sin3 d13∆3
sin3 d15∆5
,
sin3 d14∆4
sin3 d15∆5
, 1
)
m5.
These equations are difficult to solve. Obviously, the regular pentatope special
central configuration in S3 of five equal masses presented in Example 2 satisfies
all of these conditions. Now we present a family of 5-body Dziobek special central
configurations which contains the regular pentatope special central configuration.
Let us assume that five masses, m1 > 0, m2 = m3 = m4 = m5 > 0, form
a pentatope in the following way: m1 is at (1, 0, 0, 0), and the other four bod-
ies form a regular tetrahedron on the 2-dimensional sphere (not a great sphere)
(−c, r cosϕ sin θ, r sinϕ sin θ, r cos θ), c ∈ (0, 1), r2 + c2 = 1. More precisely,
x1 = 1, y1 = 0, z1 = 0, w1 = 0
x2 = −c, y2 = r, z2 = 0, w2 = 0
x3 = −c, y3 = −1
3
r, z3 = s, w4 = 0
x4 = −c, y4 = −1
3
r, z4 = −1
2
s w4 =
√
3
2
s,
x5 = −c, y5 = −1
3
r, z5 = −1
2
s w5 = −
√
3
2
s,
where c2 + 1
9
r2 + s2 = 1. We will denote such a configuration by qc.
Proposition 3. The configuration qc, c ∈ (0, 1) is a special central configuration
if
(11)
m1
m5
=
27c
4
√
2(1 + 2c2)
3
2
.
.
Proof. It is enough to check the 5 S-equations and the 4 M-equations in the
statement of Theorem 8. It is easy to verify that
d12 = d13 = d14 = d15, d23 = d24 = d25 = d34 = d35 = d45.
For example, cos d45 = c
2 + 1
9
r2 − 1
2
s2, cos d23 = c
2 − 1
3
r2. Then
cos d45 − cos d23 = 4
9
r2 − 1
2
s2 = −1
2
(
1
9
r2 + s2) +
1
2
r2 = −1
2
(1− c2) + 1
2
r2 = 0.
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Thus the 5 S-equations are true. It is also easy to check that
∆2 = ∆3 = ∆4 = ∆5 =
√
3
2
rs2.
Then the last 3 M-equations
m2
m5
=
sin3 d12∆2
sin3 d15∆5
,
m3
m5
=
sin3 d13∆3
sin3 d15∆5
,
m4
m5
=
sin3 d14∆4
sin3 d15∆5
,
are true. Direct computation leads to
cos d12 = −c, sin3 d12 = r3, cos d25 = c2 − 1
3
r2, sin3 d24 =
16
√
2
3
√
3
r3(
1
3
+
2
3
c2)
3
2 ,
and ∆1 = 4c∆5. Thus the first M-equation is true if and only if
m1
m4
=
sin3 d12∆1
sin3 d25∆5
=
r3 · 4c∆5
16
√
2
3
√
3
r3(1
3
+ 2
3
c2)
3
2∆5
=
27c
4
√
2(1 + 2c2)
3
2
.
This remark completes the proof. 
As c→ 0, we have m1
m5
→ 0. This is intuitively clear. As c→ 0, the four masses
m2, m3, m4, m5 tend to form a special central configuration of their own on the
great 2-sphere. Then we may place an infinitesimal mass at ±(1, 0, 0, 0) to form
a special central configuration of 5 bodies. We can study the range of the value
m1
m5
. It is easy to find that the function f(c) = 27c
4
√
2(1+2c2)
3
2
, c ∈ (0, 1), is increasing
on (0, 1
2
) and decreasing on (1
2
, 1). The maximum is 3
√
3
4
> 1, limc→0 f(c) = 0 and
limc→1 f(c) = 3
√
3
4
√
2
. Therefore, we have proved the following result.
Corollary 4. Consider five masses m = (m¯,m,m,m,m) ∈ R5+ in S3. If m¯m ∈
(0, 3
√
3
4
], then there is at least one special central configuration for them. If m¯
m
∈
(3
√
3
4
√
2
, 3
√
3
4
), then there are at least two special central configurations for them. Es-
pecially, there are at least two special central configurations for five equal masses.
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